Abstract: We prove, in b-Menger spaces [9] the existence of common fixed point for nonexpansive mappings in fully convex b-Menger space by using the normal structure property. We provide examples to analyze and illustrate our main results.
Introduction
Let (M, d) be a metric space and suppose A ⊂ M . A mapping f : A → M is called nonexpansive if its Lipschitz constant k(f ) does not exceed 1. Thus this class of mappings includes the contractions and strictly contractive mappings; moreover it contains all isometries (including the identity). Explicitly, f : A → M is nonexpansive if 
Preliminaries
In this section, we collect some basic definitions, notation and conventions of the theory of probabilistic b-metric spaces, which will be used throughout the paper. As examples we mention the three typical examples of continuous t-norms as follows:
T p (a, b) = ab, T M (a, b) = min(a, b) and T L (a, b) = max{a + b − 1, 0}.
We define the operator T n recursively by T 1 (a 1 , a 2 ) = T (a 1 , a 2 ) and T n (a 1 , a 2 , ..., a n+1 ) = T (T n−1 (a 1 , a 2 , ..., a n ), a n+1 ) for all n ≥ 1 and a 1 , a 2 , ..., a n+1 ∈ [0, 1].
Definition 2. [9] A b-Menger space is a quadruple (M, F, T, s)
where M is a nonempty set, F is a function from M × M into ∆ + , T is a t-norm, s ≥ 1 is a real number, and the following conditions are satisfied: For all p, r, q ∈ M and x, y > 0, 1. F pp = H, 2. F pr = H ⇒ p = r, 3. F pr = F rp , 4. F pr (s(x + y)) ≥ T (F pq (x), F qr (y)).
It should be noted that a Menger space is a b-Menger space with s = 1.
Definition 3. Let {x n } be a sequence in a probabilistic semimetric space (M, F ) (i.e., (i), (ii) and (iii) of Definition 2 are satisfied).
1. A sequence {x n } in M is said to be convergent to x in M if, for every ǫ > 0 and δ ∈ (0, 1), there exists a positive integer N (ǫ, δ) such that
2. A sequence {x n } in M is called Cauchy sequence if, for every for every ǫ > 0 and δ ∈ (0, 1), there exists a positive integer N (ǫ, δ) such that
3. Results and discussion
Some topological properties of b-Menger space

Different kinds of topologies can be introduced in a b-Menger space (M, F, T, s).
The strong topology is introduced by a strong neighborhood system ℘ = p∈M ℘ p , where ℘ p = {N p (t) : t > 0}, and
In [9] the following results are proved.
Lemma 4. Let (M, F, T, s) be a b-Menger space with T is continuous, then the family ℑ consisting of ∅ and all unions of elements of this strong neighborhood system determines a Hausdorff topology for M . Also, the function F is in general not continuous.
It is special interest (ε, λ)-topology on (M, F, T, s) which is introduced by a family of (ε, λ)-neighborhood {N p (ε, λ)} p∈M, ε>0, λ∈ [0, 1] , where
Since N p (t, t) = N p (t) for t > 0, and
the strong neighborhood system is equivalent to the (ε, λ)-neighborhood system. Hence we reach the same conclusions as in Lemma 4, with (ε, λ)-topology in place of strong topology.
In this topology the function g is continuous in p ∈ M if and only if for every sequence p n → p it holds that g(p n ) → g(p).
Here and in the sequel, when we speak about a b-Menger space (M, F, T, s), we always assume that T is a continuous t-norm and RanF ⊂ D + .
Definition 5. Let A be a subset nonempty of a b-Menger space (M, F, T, s), the closure A of A is the set of all p in M such that, for any ε > 0, λ ∈ (0, 1), there is a q in A such that
As direct consequence of Definition 5 we have the following. 
2. p ∈ A if and only if there exists a sequence {p n } in A such that p n → p.
3.
A is a closed set if and only if A = A.
4.
A is a closed set. Moreover, A is the smallest closed set containing A.
Definition 7. We say that a b-Menger space has the property (P 1 ) if the closed (ε, λ)-neighbourhoods are closed sets. Proposition 8. Let (M, F, T, s) be a b-Menger space, if for any q ∈ M, t > 0 and sequence p n → p in M we have
Then (M, F, T, s) has the property (P 1 ).
Proof. Let p ∈ N q [ε, λ], by Lemma 6 there exists a sequence {p n } ⊆ N q [ε, λ] such that p n → p, and so
we deduce that
Firstly, from [9] , (M,
and passing to limit as j → ∞ in the previous inequality, we get
which implies
where x j = inf n≥j (t − |p n − q| i ). Since {x j } ↑ sup j x j . Using the fact that H is non-decreasing left continuous function, we obtain
On the other hand,
It follows by (3.2) and (3.3) that
Therefore, condition (3.1) is satisfied, then (M, F, T M , 2 i−1 ) has the property (P 1 ). Consequently, a subset A of a b-Menger space is compact if and only if, from any family of closed subsets of A whose intersection is empty, we can extract a finite subfamily whose intersection is empty.
Remark 11. Since (M, F, T, s) is a Hausdorff topological space, then every compact subset A is closed set.
Some geometrical properties and fully convex b-Menger space
Egbert [5] , in 1968 introduced a probabilistic generalization of the notion of diameter of nonempty set in metric space. 
and the diameter of the set A is defined by
If D A = 1 the set A will be called probabilistic bounded.
It is easy to check that for a nonempty subset A of M we have
Indeed, let t > 0, if H(t − diam(A)) = 1 then diam(A) < t, we deduce that
for every diam(A) < ε < t, and since, inf a,b∈A
for every ε < t. Consequently, we get
and hence,
Since the choice of ε < t was arbitrary, this is true for all ε < t, which gives
We conclude that
From the definition of functionals sup and inf, we have the following lemma. Proof. Let A be a compact subset of a b-Menger space M . Let fix ε and λ ∈ (0, 1). Since T 2 is continuous in (1, 1, 1) there exists δ ∈ (0, 1) such that
Hence, by Lemma 14, we obtain that A is probabilistic bounded set.
Remark 16. Note that "RanF ⊂ D + " is a necessary condition in Lemma 15. For example, consider M = {p, q} and F pq (t) = 
Clearly, M is a compact space and is only semi-bounded.
We adopt the following Hadžić's convex structure concept.
, is said to be a convex structure on M if for every (x, y) ∈ M × M holds W (x, y, 0) = y, W (x, y, 1) = x and for all x, y, z ∈ M , λ ∈ (0, 1, ) and t > 0
Proposition 18. Let (X, F, T, s) be a b-Menger space with a convex
Proof. Let x ∈ X, then W (x, x, 0) = x and W (x, x, 1) = x. Now, let λ ∈ (0, 1), we have
for all t > 0. Hence, F xW (x,x;λ) (t) = 1, for all t > 0, hence W (x, x, λ) = x. Proof. Let a, b ∈ N x [ε, λ] be arbitrary points, then
Now, using (C 1 ) with δ ∈ (0, 1), we obtain
, and hence the proof is completed.
It is easy to check the following lemma. ∈ {a, b}.
From [9] , (IR, F, T M , 2 n−1 ) is a b-Menger space and in general it is not a Menger space. Define
We prove that W is a fully convex structure. Indeed, let a, b ∈ IR. It is clear that W (a, b; 1) = a and W (a, b; 0) = b. Now, let λ ∈ (0, 1). Suppose that
and so
Therefore,
Thus, W is a convex structure. On the other hand, let a, b ∈ IR such that a = b. Suppose that for all λ ∈ (0, 1), W (a, b; λ) ∈ {a, b}. If W (a, b; λ) = a we obtain
which is a contradiction. On the other hand, if W (a, b; λ) = b, we also obtain a contradiction. Hence W is a fully convex structure.
Normal structure and fixed point theorem
We require the following definitions in our further discussion.
Definition 26. We say that a ∈ B is a diametral point of B if
holds for all t > 0.
Remark 27. A point a ∈ B is non-diametral of B if there exists r > 0 such that sup
Definition 28. Let (M, F, T, s) be a b-Menger space, we say that it possesses a normal structure if, for every closed, probabilistic bounded and convex set B ⊂ M , which consists of at least two different points, there exists a point b ∈ B which is non-diametral.
Definition 29. Let (M, F, T, s) be a b-Menger space with a convex structure W . We denote by (C 2 ) the condition: For every δ ∈ (0, 1), a, b, c ∈ M and a = b, there exists t 0 > 0 such that
Definition 30. The probabilistic b-metric F has the property (P 2 ) if for all compact subset A of M, p ∈ A, there exists q 0 ∈ A such that inf q∈A F pq = F pq 0 .
Before stating our main result, we need the following lemmas.
Lemma 31. Let (M, F, T, s) be a fully convex b-Menger space with a convex structure W satisfying (C 2 ) and suppose that the mapping F has the property (P 2 ). Let A ⊂ M be nonempty, convex and compact subset of M . Then A possesses a normal structure.
Proof. To the contrary, assume that A has not a normal structure. So, by the Definition 28, there exist a closed, probabilistic bounded and convex subset B ⊂ A and two different points a 1 and a 2 in B then B not have a non-diametral point which gives by the use of Definition 26 that
for every a ∈ B. In other hand, by the Definition 24 and the fact that M is fully convex, there exists δ ∈ (0, 1) such that W (a 1 , a 2 , δ) / ∈ {a 1 , a 2 }. But B is a convex set it follows that W (a 1 , a 2 , δ) ∈ B. Hence
Thus the infimum of the above equality is attained since B is closed subset of the compact A and F possesses the property (P 2 ). Let a 3 ∈ B such point. So, we get
In one side, since the mapping F a 3 W (a 1 ,a 2 ,δ) (.) is nondecreasing and left continuous we obtain
In the other side, with the fact that the structure W satisfies the condition (C 2 ) and the use of the infimum and supremum properties we have that, there exists t 0 > 0 such that
which is a contradiction because we have D B ≤ F ab for all a, b ∈ B.
Lemma 32. (Zorn's Lemma) Let M be a nonempty partially ordered set in which every chain has a lower bound. Then M has a minimal element.
We say that a subset
The (f, g)-invariant subsets of A which are nonempty, closed and convex are of particular interest since the search for common fixed points of f and g may be confined to such sets. Also, the intersection of any family of nonempty, closed, convex (f, g)-invariant subsets of A is itself closed, convex and (f, g)-invariant, although it may be empty.
Lemma 33. Let (M, F, T, s) be a b-Menger space and let A ⊂ M be a nonempty, convex and compact subset of M . Let f and g be two self-mappings on A such that A is (f, g)-invariant. Denote by Γ a collection of all nonempty subset of A, closed, convex and (f, g)-invariant. Then Γ has a minimal element
Proof. We have A is a compact set, then by Remark 11 the set A is closed. In other hand A is (f, g)-invariant, also A is convex. So, A ∈ Γ which implies that Γ = ∅. Now, we order this collection of Γ with inclusion:
is a partially ordered set. By compactness, any arbitrary chain of the collection Γ such {A i , i ∈ I} the subset i∈I A i = ∅, hence an upper bound relative to the order relation ≤. Finally, using Zorn's Lemma we deduce that there exists a maximal element of Γ relative to ≤ denoted A 0 . Moreover, we have
, which achieve the proof.
Lemma 34. Let (M, F, T, s) be a convex b-Menger space has the property (P 1 ) with the convex structure satisfying the condition (C 1 ), assume that there exists ζ ∈ (0.1) such that 1 − ζ = sup ε<r inf b∈A 0 F ab (ε) for some r > 0 and some a ∈ A 0 and consider
By Lemma 21, the Definition 7 and F satisfies (P 1 )-condition it follows that the set N c [r, ζ] is closed and convex, thus
Now, we use the Lemma 33 in order to get
Hence c ∈ U and therefore U = V .
Definition 35. [14] Let (M, F, T, s) be a b-Menger space and let f be a self-mapping on M . We say that f is a nonexpansive mapping if
for all a, b ∈ M and t > 0. Now, we are ready to state and prove our main theorem.
Theorem 36. Let (M, F, T, s) be a fully convex b-Menger space has the property (P 1 ) with a convex structure W satisfying (C 1 ) and (C 2 ), suppose that F has the property (P 2 ), and let A ⊂ M be a nonempty, convex and compact subset of M . Let f and g be two self-mappings on A such that A is (f, g)-invariant and satisfying
for all a, b ∈ A, a = b and for every t > 0. Then f and g have at least one common fixed point on A.
Proof. To prove this result, we will proceed by absurd. So, let A 0 the minimal element of Γ, such that Γ is the collection of all nonempty subsets of A, closed, convex and (f, g)-invariant (see Lemma 33). Indeed, we suppose that A 0 has at least two different points. Since the convex structure W satisfies (C 2 ), F verifies (P 2 ) and A is nonempty, convex and compact subset of M , thus using Lemma 31 we obtain that A possesses a normal structure. Furthermore, by Lemma 33, we have that A 0 is closed subset of the compact set A then A 0 is also a compact set, so using Lemma 15 we conclude that A 0 is a probabilistic bounded set. Then, by what we obtained previously and Definition 28 it follows that there exists some non-diametral point a 0 ∈ A 0 which means by Remark 27 that ∃r > 0, sup
In other hand, applying Definition 30 and the fact that A 0 is a compact subset of M and F having the property (P 2 ), we have
Then, from (3.6) we deduce
Also, we have that there exists r ′ < r such that F a 0 b 0 (r ′ ) > D A 0 (r). Indeed, suppose to the contrary, for all r ′ < r that
But F a 0 b 0 is left continuous, so, letting r ′ → r, we get
which lead to a contradiction with (3.7). So, there exists r ′ < r such that
by monotonicity and left continuity of the function
It follows from Lemma 34, that U = V . The set U is closed and convex as an intersection of closed and convex sets. It remains to show that f (U )∩ g(U ) ⊆ U therefore U ∈ Γ to infer that U = A 0 . For that, let c ∈ U and b ∈ f (A 0 )∩g(A 0 ). Then there exists a ∈ A 0 such that b = f (a) and b = g(a). Taking t = r ′ in the inequality (3.4), then
Thus, the definition of the set V implies f (c) ∈ V . It follows that f (U ) ⊆ V and since V = U , we have that f (U ) ⊆ U . Also, since b = f (a) we get
and by the definition of the set U we get g(c) ∈ V . So, g(U ) ⊆ V but V = U , then g(U ) ⊆ U and therefore U ∈ Γ hence U = A 0 . This implies that
From last we have that for every a, b ∈ U it holds that
From the last and (3.8), it follows that
This is a contradiction with U = A 0 . Then A 0 consists of only one point x and since f (A 0 ) ∩ g(A 0 ) ⊆ A 0 this means that f (x) = g(x) = x and x is a common fixed point of the mappings f and g. This completes the proof.
If we take f = g in Theorem 36, we get the following.
Corollary 37. Let (M, F, T, s) be a fully convex b-Menger space has the property (P 1 ) with a convex structure W satisfying (C 1 ) and (C 2 ), suppose that F has the property (P 2 ). Let A ⊂ M be a nonempty, convex and compact subset of M . Then any nonexpansive mapping f of A into A has a fixed point.
Applications
We require the following lemma in our further discussion. From [9] , (M, F, T M , 2 p−1 ) is a b-Menger space( but is not in general a standard probabilistic metric space). Proceeding as in Example 25, we prove that W is a fully convex structure. Consider the function f : IR → IR given by
otherwise.
where A be a nonempty, convex and compact subset of M . It is very essay to see that N a (t) = B(a, t −p ) is the open ball of radius t −p centred at a in (M, . ). So, a subset A is compact in (M, F, T M , 2 p−1 ) if and only if A is compact in (M, . ). We claim that F has the property (P 2 ). Indeed, let B be a compact in (M, F, T M , 2 p−1 ) and b ∈ B. This implies that B is compact which a contradiction with (4.4). Therefore, (4.2) holds. Now, if
we take t 0 > 0 such that W (a, b, λ) − c p < t 0 < a − c p .
On the other hand, if
we take t 0 > 0 such that
We conclude that condition (C 1 ) holds. Taking g is the identity function on M.
Clearly, all the conditions of Theorem 36 are satisfied and every point of the set A is a common fixed point of f and g.
Conclusion
The geometric condition of normal structure plays a crucial role in the fixed point theory. In this paper, we use this condition to prove the existence of fixed point (common fixed point) for nonexpansive mappings in the framework of b-Menger spaces. Our main theorems extend and unify the existing results in the recent literature. Example is constructed to support our result.
